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The curvature perturbation in a box
David H. Lyth
Physics Department, Lancaster University, Lancaster LA1 4YB, UK
The stochastic properties of cosmological perturbations are best defined through the Fourier
expansion in a finite box. I discuss the reasons for that with reference to the curvature perturbation,
and explore some issues arising from it.
PACS numbers:
I. INTRODUCTION
Strong observational constraints on the primordial cur-
vature perturbation ζ make it an important discriminator
between models of the very early Universe. After smooth-
ing relevant quantities on the shortest scale of interest,
ζ may be defined as the fractional perturbation δa/a of
the locally-defined scale factor a(x, t). Equivalently, it
is the perturbation in the number N(x, t) of e-folds of
expansion, starting on an initial ‘flat’ slice of spacetime
(where δa = 0) and ending on a slice of uniform energy
density at time t. The spacetime threads of constant x
are taken to be comoving.
Any choice of the initial ‘flat’ slice will do, as long as
the smoothing scale is outside the horizon at that stage,
because the expansion going from one ‘flat’ slice to an-
other is uniform. The final slice is to be located before the
smoothing scale re-enters the horizon, and on cosmologi-
cal scales it should be late enough that ζ has settled down
to the final time-independent value that is constrained by
observation. With the smoothing scale outside the hori-
zon, the evolution at each point is expected to be that
of some unperturbed universe (the separate universe as-
sumption [1, 2, 3, 4, 5].
During inflation, one or more of the scalar field per-
turbations is supposed to be practically massless during
inflation (m2 ≪ H2). For these ‘light’ fields, the vac-
uum fluctuation is promoted to a classical perturbation
as each scale leaves the horizon. To calculate δN one
smooths the light field perturbations on a comoving scale
shorter than any of interest. A few Hubble times after
the scale leaves the horizon the light fields have classical
perturbations. Their values at this epoch are supposed
to determine N(x, t) and hence ζ. Taking for simplicity
just one field σ we have
ζ(x, t) = δN(σ(x)) (1)
≡ N(σ(x)) −N(σ) (2)
= N ′δσ(x) +
1
2
N ′′δσ2(x) + · · · , (3)
where
δσ(x) ≡ σ(x) − σ, (4)
and
N ′ ≡
dN
dσ
∣∣∣∣
σ
, N ′′ ≡
d2N
dσ2
∣∣∣∣
σ
(5)
and so on.
The final expression for ζ is a power series in the field
perturbation defined on the initial slice. The unper-
turbed value of σ is defined as its spatial average of each
field, which simplifies the analysis.
We are interested in the Fourier components of ζ:
ζk =
∫
e−ik·xζ(x)d3x, (6)
and similarly for δσ. The perturbation δσk is supposed
to originate from the vacuum fluctuation, and can be
considered [6] as classical starting a few Hubble times
after the epoch of horizon exit k = aH ≡ a˙, where a
is the scale factor. At this stage the correlators of δσk
on scales not too far outside the horizon can easily be
calculated using perturbative quantum field theory. As-
suming Lorentz invariance and a quadratic kinetic term,
δσ is almost gaussian. The subsequent separate-universe
evolution of δσ(x) then gives the correlators of δσ at the
initial epoch. Finally, Eq. (3) gives the correlators of ζ
which can be compared with observation.
To avoid assumptions about the unknownable Universe
very far beyond the present horizonH−10 , this calculation
should be done within a comoving box, whose present size
L is not too much bigger than H−10 . This situation has
not been discussed much in the literature for two reasons.
First, with the box size not too much bigger than H−10
(minimal box) the linear term of Eq. (3) dominates. Then
correlators are practically independent of the box size, so
that only σ need be specified. Second, if σ is the inflaton
in single-field slow-roll inflation and we use a minimal
box, then σ can be calculated from the inflation model.
On the other hand, σ may have nothing to do with
inflation, as in the curvaton model [7]. Also, we should
know how to handle the dependence on box size as a mat-
ter of principle. In this note I look at some of the issues
raised when one takes seriously the box size, developing
some earlier work [5, 8].
II. CORRELATORS OF ζ
A model of the early Universe will predict, not ζ(x)
itself but correlators, 〈ζ(x)ζ(y)〉 and so on. The 〈〉 is
an ensemble average, which in the inflationary cosmology
becomes a Heisenberg-picture vacuum expectation value.
2As the vacuum is invariant under translations, so are the
correlators.
The vacuum is also invariant under rotations, and so
are the correlators.1 Invariance under translations and
rotations constrains the form of the correlators. One
usually considers only the two, three and four-point cor-
relators.
The two-point correlator is
〈ζkζk′〉 = (2π)
3δ(3)(k+ k′)Pζ(k), (7)
where Pζ is the spectrum. It is useful to define Pζ ≡
(k3/2π2)Pζ , also called the spectrum. The mean-square
of ζ is
〈ζ2(x)〉 =
∫ kmax
L−1
Pζ(k)
dk
k
, (8)
where kmax is the scale leaving the horizon at the initial
epoch, and the infrared cutoff is provided by the box size.
On cosmological scales observation gives Pζ = (5×10
−5)2
with little scale dependence.
The three-point correlator is
〈ζk1ζk2ζk3〉 = (2π)
3δ(3)(k1 +k2 +k3)Bζ(k1, k2, k3), (9)
where Bζ is the bispectrum. The connected contribution
to the four-point correlator is
〈ζk1ζk2ζk3ζk4〉c = (2π)
3δ(3)(k1 + k2 + k3 + k4)Tζ . (10)
The trispectrum Tζ is a function of six scalars, defining
the quadrilateral formed by {k1,k2,k3,k4}. There is also
a disconnected contribution:
〈ζk1ζk2ζk3ζk4〉d = 〈ζk1ζk2〉〈ζk3ζk4〉+ perms. (11)
For any correlator, the connected correlator is the one
that comes with an overall delta function. If the two-
point correlator is the only connected one, ζ is said to
be Gaussian. Data are at present consistent with the
hypothesis that ζ is perfectly gaussian, but they might
not be in the future.
As a result of translation invariance, the ensemble aver-
ages 〈ζ(x)ζ(y)〉 etc. can be regarded as a spatial average
with fixed x−y. This is the ergodic theorem, whose proof
for correlators is very simple. Considering the two-point
correlator the definition of Pζ gives
〈ζ(y)ζ(x + y)〉 =
∫
P (k)eik·xd3k. (12)
1 In considering translations and rotations one takes x to denote
Cartesian coordinates defined in the unperturbed universe. In
the perturbed universe these same coordinates cover the curved
spacetime slice of fixed t, in a way that is defined by the threading
which is here taken to be comoving.
On the other hand, the spatial average is
L−3
∫
ζ(y)ζ(x + y)d3y
= L−3(2π)−6
∫
ζkζk′e
i[k·y+k′·(x+y)]d3yd3kd3k′
= L−3(2π)−3
∫
δ3(k+ k′)ζkζk′e
ik·xd3kd3k′. (13)
In the final expression, ζkζk′ can be replaced by its en-
semble average 〈ζkζk′〉, because each volume element
d3kd3k′ can contain an arbitrary large number of of
points. (Remember that we are working in a finite box
so that the possible momenta form a cubic lattice in k-
space. Within a cell, the Fourier coefficients are uncorre-
lated because of the delta functions in Eqs. (7), (9), and
(10) and so on.) Writing 〈ζkζk′〉 in terms of P (k) and
using the rule [δ3(k − k′)]2 = L3δ3(k − k′), we see that
the spatial average (13) is indeed equal to the ensemble
average (12). reproduces the ensemble average, and the
same argument works for higher correlators too.
From this proof it is clear that the ergodic theorem
works in a finite box, with the usual proviso that the
box size is bigger than scales of interest. Its proof re-
lies just on translation invariance, which makes mathe-
matical sense in the finite box because of the periodic
boundary condition.
III. THE CORRELATORS OF δσ
The correlators of δσ have the same form as those of
ζ. In particular
〈σkσk′〉 = (2π)
3δ(3)(k+ k′)Pσ(k) (14)
〈σk1σk2σk3σk4〉d = 〈σk1σk2〉〈σk3σk4〉+ perms.(15)
The chosen box should be well inside the horizon at the
beginning of inflation. After a few Hubble times, the uni-
verse inside the box is then expected [9] to become prac-
tically homogeneous and isotropic at the classical level.
The conversion of the vacuum fluctuation into a classical
perturbation δσ begins when the box leaves the horizon
at the epoch k = aH .
We observe scales k & H0 where H0 is the present
value of the Hubble parameter. Taking inflation to be
almost exponential there are at most 60 or so Hubble
times between horizon exit for the scale k = H0 and the
end of inflation. Of most interest is the perturbation on
cosmological scales, which leave the horizon during the
first 10 or so Hubble times. Smaller scale perturbations
could also be of interest, for example to form black holes
at the end of inflation.
We can distinguish between two kinds of box. A min-
imal box, for which ln(LH0) is not too big, will leave the
horizon just a few e-folds before the observable Universe
leaves the horizon, and hence not too many Hubble times
before all observable scales leave the horizon. A super-
large box on the other hand, with very large ln(LH0),
3would leave the horizon very many e-folds before the ob-
servable universe. We will see how to calculate things
in a minimal box, and poin to the difficulties that are
encountered if one considers instead a super-large box.
With the minimal box, δσ remains small at least while
cosmological scales leave the horizon. On the usual as-
sumption that σ is canonically normalized, the pertur-
bation δσ generated from the vacuum is then almost
gaussian on scales not too far outside the horizon. Its
spectrum is [10]
Pσ(k) ≃ (Hk/2π)
2, (16)
where Hk is the Hubble parameter at horizon exit. The
bispectrum [11] and trispectrum [12] of δσ have been cal-
culated, and are suppressed by slow-roll factors. (These
are |H˙/H2| ≪ 1, needed for inflation, and parameters
involving derivatives of the potential V (σ) which have to
be small to justify the perturbative quantum field theory
calculation.)
As we saw earlier, the correlation functions defined by
the spectrum, bispectrum and so on may be defined as
spatial averages within the box. With a minimal box it
is reasonable to assume that these are the same as the
spatial averages within the region of size H−10 around us,
that can actually be observed.
If we consider instead a super-large box several difficul-
ties arise. We have to assume that enough inflation took
place for the box to exist, and we need to understand the
field theory starting from the era when the box leaves the
horizon. When observable scales leave the horizon, the
perturbation that has already been generated on larger
scales my be large, which would complicate the calcu-
lation of δσ. And even when the calculation has been
performed, the spatial averages represented by the corre-
lators may have nothing to do with the spatial averages
that are actually observed.
IV. THE MEAN VALUE σ
A. With σ the inflaton
Now we come to the mean value σ, of the field within
the box. If σ is the inflaton in a single-field slow-roll
inflation model, and we use a minimal box, then σ when
N e-folds of inflation remain is given by
N(σ) = M2P
∫ σ
σend
V
V ′
dσ. (17)
This follows from dN = Hdt and the slow-roll approxi-
mations
3Hσ˙ = −V ′ (18)
3H2M2P = V (19)
H˙/H2 = −σ˙2. (20)
The inflation model will give the field σend at the end of
inflation, and the post-inflationary cosmology determines
N when a given scale leaves the horizon, with N ∼ 50 or
so for cosmological scales in the usual cosmology.
In this very special case, ζ becomes time-independent
soon after horizon exit. As a result the small pertur-
bation ζ = δN ∼ 10−5 is then given in terms of the
potential and its derivatives [11, 13]:
ζ =
1
M2P
V
V ′
δσ +
1
2
(2η − ǫ)
(
1
M2P
V
V ′
δσ
)2
+
1
6
(2ǫη − 2η2 + ξ2)
(
1
M2P
V
V ′
δσ
)3
+ · · · , (21)
where 2ǫ = M2P(V
′/V )2, η = M2PV
′′/V and ξ2 =
M4PV
′′′V ′/V 2. With a minimal box the linear term dom-
inates, and taking the initial slice to be soon after horizon
exit on a given scale we then arrive at the famous result
Pζ ≃
(
1
M2P
V
V ′
H
2π
)2
, (22)
where the right hand side is evaluated at horizon exit.
The bispectrum and trispectrum can also be calculated,
as described after Eq. (44).
Going to a super-large box, none of this may work.
As we noted earlier, δσ might be big which would invali-
date the calculation of its stochastic properties. Also, δN
might be big and then Eq. (17) would apply only to the
average of N within the box (σend then being a spatial
average), which might have little to do with the situation
in the observable Universe.
B. With σ a curvaton-type field
Now suppose instead that σ has nothing to do with the
inflation dynamics, as is typically (though not inevitably
[14]) the case in the curvaton model.2 Then at last we
encounter a case where it may be useful to consider a
super-large box, using what is often called the stochastic
approach to the evolution of perturbations [15].
In the stochastic approach one takes spacetime to be
unperturbed with constant H (de Sitter spacetime). One
smooths σ on a practically-fixed scale (1 + b)H with 0 <
b≪ 1 a constant, and considers the probability F (t, σ)dσ
that σ(x, t) lies within a given interval. It satisfies the
Fokker-Planck equation
∂F
∂t
=
V ′
3H
∂F
∂σ
+
H3
8π2
∂2F
∂σ2
, (23)
2 For slow-roll inflation this corresponds to V ′ being much less
than the corresponding quantity for the inflaton but we are not
making any assumption about the inflation model.
4This equation, applying to any slow-rolling field, corre-
sponds to the Langevin equation describing the classical
evolution plus the random walk ±H/2π per Hubble time
coming from the creation of the classical perturbation
from the vacuum fluctuation.
The point now is that the probability distribution may
lose memory of the initial condition. In particular, if
H˙/H2 is sufficiently small, F will settle down to [16]
F = const exp
(
−
8π2
3H4
V (σ)
)
, (24)
More generally, one can handle a significant variation of
H within a given inflation model (see for instance [17,
18]).
Reverting now to a minimal box, the probability dis-
tribution F should apply to σ if the initial epoch is taken
to be soon after the shortest cosmological scale leaves the
horizon, since the box size is then not too many e-folds
bigger than the Hubble scale at the initial epoch. In any
case, one could calculate the probability distribution of
σ by going back to the Langevin equation. The very sim-
plest case arises if σ is a pseudo Nambu-Goldstone boson
(PNBG) with V ′ negligible. Then it is defined only in
some interval 0 < σ < f , and the noise term gives σ an
equal probability of being anywhere in the interval.
Finally, given a probability distribution for σ one may
suppose that the actual value for a minimal box around
the observable Universe is not too far from the most
probable value (or from say the mean-square if we are
not dealing with a PNGB). Of course this final step is
speculative and may be modified by environmental con-
siderations. Still, it seems that in this case the use of a
super-large box purely to get a handle on the likely value
of σ within a minimal box may be helpful.
V. CALCULATING THE CORRELATORS OF ζ
Using the convolution theorem,
(δσ2)k =
∫
δσqδσk−qd
3q, (25)
Eq. (3) determines the correlators of ζ in terms of those
of δσ. There is a sum of terms and the calculation is best
done using Feynman-like graphs [8, 19, 20]. A complete
set of rules for constructing the graphs is given in [20]. A
graph with n loops involves an integration of n momenta,
while a tree-level involves no integration.
Here I recall the estimates of the correlators made in
[5, 8] for the quadratic truncation of Eq. (3). To get an
idea of what happens with higher terms included, I then
consider the cubic truncation. In both cases I take δσ to
be gaussian. (See [19] for a loop contribution involving
the bispectrum of δσ.)
A. Quadratic truncation
Truncating the field expansion after the quadratic term
we have
ζ(x) = N ′δσ(x) +
1
2
N ′′δσ2(x). (26)
There are tree-level and one-loop contributions to the
correlators of ζ:
P treeζ = N
′2Pσ(k) (27)
P loopζ =
N ′′2
(2π)3
∫
L−1
d3pPσ(p)Pσ(|p− k|) (28)
Btreeζ = 2N
′2N ′′Pσ(k1)Pσ(k2) + cyclic (29)
Bloopζ =
N ′′3
(2π)3
∫
L−1
d3pPσ(p)Pσ(p1)Pσ(p2) (30)
T treeζ = N
′2N ′′2Pσ(k1)Pσ(k2)Pσ(k14) + 23perms.(31)
T loopζ =
1
8
N ′′4
(2π)3
∫
L−1
d3pPσ(p)Pσ(p1)Pσ(p2)Pσ(p24)
+ 23perms. (32)
We have defined p1 ≡ |p − k1|, p2 ≡ |p + k2|, p24 ≡
|p+ k24| and k14 = |k1 + k4|.
The 24 terms in Eq. (31) are actually 12 pairs of iden-
tical terms, and the 24 terms in Eq. (32) are actually 3
octuplets of identical terms. The tree-level contribution
to the bispectrum was given in [22] and the tree-level
contribution to the trispectrum was given in [8] (see also
[21]). The loop contributions to the spectrum, bispec-
trum and trispectrum were given in [8], using Pσ instead
of Pσ and with δσ normalized to make N
′′ = 1.3 (See
also [24] for the loop contribution to the spectrum of the
axion isocurvature perturbation, given by an identical
formula.)
The subscript on the integral reminds us that Pσ is set
equal to zero at k < L−1, cutting out a sphere around
each of the singularities. This is necessary, because with
Pσ perfectly flat there is a logarithmic divergence when-
ever the argument of Pσ goes to zero, ie. in the infrared.
Allowing for slight scale dependence of Pσ, infrared con-
vergence is slow if it occurs at all. In contrast, there is
good convergence in the ultra-violet for any reasonable
behaviour of Pσ, and the integral will be insensitive to
the actual cutoff kmax.
It is convenient to define what one might call a reduced
bispectrum fNL and a reduced trispectrum τζ by
Bζ =
6
5
fNL [Pζ(k1)Pζ(k2) + cyclic] (33)
Tζ =
1
2
τζPζ(k1)Pζ(k2)Pζ(k14) + 23perms.. (34)
3 The δN formula was not invoked there, and indeed is irrelevant
in the present context. All we really need is that ζ is some
quadratic function of a gaussian quantity δφ with zero mean.
5At tree-level the reduced quantities are momentum-
independent:
6
5
f treeNL =
N ′′
N ′2
(35)
1
2
τ treeζ =
(
6
5
f treeNL
)2
. (36)
In first order perturbation theory, this definition of fNL
coincides with the original one [22] in first-order cosmo-
logical perturbation theory, where fNL was defined with
respect to the Bardeen potential which was taken to be
Φ = 35ζ. In that reference it was supposed to be inde-
pendent of the momenta. Following [23] we will allow
momentum dependence, and make the definition with-
out invoking first-order cosmological perturbation the-
ory.4 The quantity here denoted as τζ was introduced in
[8] and denoted as τNL. Taking them to be momentum-
independent observation gives bounds |fNL| . 100 and
τζ . 10
4, which on cosmological scales are not expected
to alter much if there is momentum dependence.
Now I consider estimates of the loop contributions, tak-
ing Pσ to be perfectly flat and considering only the phys-
ical regime ki ≫ L
−1. One can arrive at an estimate of
P loopζ by assuming that the integration is dominated by
spheres around each of the two singularities, with radii
of order k. This gives [8]
P loopζ ≃ 2N
′′2P2σ ln(kL). (37)
We deduce that
P loopζ
Ptreeζ
∼
N ′′2
N ′4
Pζ ln(kL) . 10
−5 ln(kL), (38)
where the inequality comes from the observed spectrum
Pζ = (5× 10
−5)2 and the observational bound on fNL or
τζ (by coincidence those bounds give a similar result).
The integration for P loopζ can actually be done ana-
lytically [24] and it happens to give exactly this result.
The loop integrals for the bispectrum and trispectrum
cannot be done analytically, but they can be estimated
in the same way as for P loopζ . Although a more general
estimate could be made, we will take all ki to be of or-
der a common value k for the bispectrum, and all ki and
kij to be of order a common value for the trispectrum.
Then, estimating the loop integrals from the contribu-
tions of the singularities as we did for P loopζ , on finds
that (f loopNL /f
tree
NL ) and (τ
loop
ζ /τ
tree
ζ ) are both of the same
4 We have no need of perturbation theory before horizon entry
but it is needed to evolve perturbations afterward. Second order
perturbation theory will be needed if |fNL| . 1, and at that
order Φ and ζ are completely different functions. As a result
fNL defined with respect to Φ has nothing to do with the fNL of
the present paper. Unfortunately, both definitions are in use.
order as (P loopζ /P
tree
ζ ). Special configurations of the mo-
menta will give additional factors, but observation can
probe only a fairly limited range of momenta. Pending
further investigation of that issue, we conclude that the
loop contributions are very suppressed for a minimal box,
and unlikely to be observable.
Our general finding that the loop contributions are
negligible relies on the observational bounds on non-
gaussianity, and holds because we assumed that δσ is
the only field perturbation contributing to ζ. As we have
seen though, in the particular case that σ is the infla-
ton in a single-field slow-roll inflation model, the loop
contribution is very small by virtue of slow-roll, and in
consequence the non-gaussianity is very small. With this
in mind, we can suppose [8] that the inflaton field per-
turbation gives the dominant contribution to ζ and write
ζ = ζinf +N
′δσ(x) +
1
2
N ′′δσ2(x) + · · · , (39)
where δσ is say the curvaton. Then the spectrum of ζ is
dominated by that of the first term, but its bispectrum
and trispectrum might instead be dominated by the third
term which would mean that they were dominated by a
loop contribution [8]. In that case ζinf could account for
up to 90% of the total, without violating observational
bounds on non-gaussianity.
B. Cubic truncation
Now we include the cubic term:
ζ(x) = N ′δσ(x) +
1
2
N ′′δσ2(x) +
1
6
N ′′′δσ3(x). (40)
There are no additional tree-level diagrams for the spec-
trum and bispectrum, but for the trispectrum [13] the
cubic truncation gives an additional term
T tree3ζ = N
′3N ′′′Pσ(k2)Pσ(k3)Pσ(k4) + 3 perms. (41)
The new term cannot cancel the old one since its de-
pendence on the momenta is quite different. To extract
optimal information from the observations one should re-
define τζ and introduce a new quantity gζ by writing
Tζ =
1
2
τζPζ(k1)Pζ(k2)Pζ(k14) + 23 perms.
+ gζ [Pσ(k2)Pσ(k3)Pσ(k4) + 3 perms] . (42)
(This gζ is the same as the gNL of [13] up to a numer-
ical factor.) As with τζ it is helpful to allow gζ to be
momentum-dependent because it can then correspond to
a (slightly) momentum-dependent loop contribution.
Pending the appropriate observational analysis, we will
take ki ∼ kij ∼ k and keep the original definition of τζ .
Then
τ tree3ζ ∼
N ′′′
N ′3
ln(kL) . 104, (43)
6where the final inequality assumes a minimal box and
uses the observational bound on τζ which we take to be
the same as if τζ were momentum-independent.
Denoting the old contribution by τ tree2ζ we have the
ratios
f treeNL : τ
tree2
ζ : τ
tree3
ζ ∼
N ′′
N ′2
:
(
N ′′
N ′
)2
:
N ′′′
N ′3
. (44)
As pointed out in [13], τ tree3ζ might be the first signal
of non-gaussianity. This could happen in the curvaton
model if the curvaton field evolves strongly after inflation.
It could also in principle happen if σ is the inflaton
in a single-component slow-roll inflation model. Slow-
roll requires only that all three slow-roll parameters are
≪ 1, and one might have over a limited range of scales
|ξ|2 ≫ |η| and |ξ|2 ≫ ǫ. In such a case though, we have to
remember that the small non-gaussianity of δσ at hori-
zon exit will be comparable with the non-gaussianity that
we are considering here (ie. that generated by the non-
linearity of the δN formula). The known estimates of
the bispectrum [11] and trispectrum [12] of δσ at horizon
exit assume that ξ2 is negligible, and will require mod-
ification if it is not. Note also that in such a case the
usual [25] formula n − 1 = 2η − 6ǫ the spectral index
may fail as well [26]. Then one would have to rethink
the the implication of the current measurement of n− 1
and of the current bound on r = 16ǫ, for non-gaussianity
in slow-roll inflation. Of course, such a rethink is hardly
going to alter the conclusion that non-gaussianity in this
model will be very hard, if not impossible [27] to detect.
Now we turn to the loop contributions. In the presence
of cubic and higher terms, one finds integrations over a
single momentum. In the graphical representation, these
correspond to loops which start and finish at the same
vertex. It has been shown [20] that, instead of including
such loops, one can replace the factors N ′, N ′′ and so on
by
N ′ ≡ N ′(σ)→ 〈N ′(x)〉 ≡ N˜ ′, (45)
and so on.5 When these ‘renormalized vertices’ are used,
one need only draw ‘renormalized graphs’, which omit all
lines corresponding to an integration over a single mo-
mentum. We are working at cubic order, which means
that only N ′ gets renormalized:
N ′(x) = N ′ +N ′′δσ(x) +
1
2
N ′′′δσ2(x) (46)
N˜ ′ = N ′ +
1
2
N ′′′〈δσ2〉, (47)
with
〈δσ2〉 =
∫ kmax
L−1
Pσ(k)
dk
k
≃ Pσ ln(kmaxL). (48)
5 The authors of [20] use N˜ ′ to denote N ′(x), so that our N˜ ′ is
equal to their 〈N˜ ′〉.
Let us verify that the loop contributions to the spec-
trum are still suppressed at cubic order. The renormal-
ized tree-level contribution is
P˜ treeσ = N˜
′2Pσ(k). (49)
Using Eq. (48) and the bound Eq. (43) we find
P˜ζ
tree
− Ptreeζ
Ptreeζ
∼
N ′′′
N ′3
Pζ〈δσ
2〉 . 10−5. (50)
With the cubic truncation we have 1- and 2-loop con-
tributions, which have no renormalization. The 1-loop
contribution to Pζ given by Eq. (28). The 2-loop contri-
bution is [20]
P 2−loopζ =
1
6
N ′′′2
(2π)6
∫
L−1
d3q1d
3q2P (q1)P (|q2−q1|)P (|k−q2|).
(51)
Taking the integral to be dominated by the three singu-
larities, we estimate
P 2−loopζ ∼
N ′′′2
N ′2
Pζ
∫
L−1
d3pPσ(p)Pσ(|p− k|) (52)
∼
N ′′′2
N ′2N ′′2
PζP
1−loop
ζ (53)
∼
(
N ′′′Pζ
N ′3
)2
P treeζ . 10
−10P treeζ . (54)
VI. RUNNING
We have advocated the use of a minimal box, but we
did see that it might be useful to consider also a super-
large box in order to get a handle on σ within a minimal
box. Suppose that for some reason we decide to perform
the whole calculation of the correlators in some super-
large box with size L. We may compare the outcome
of such a calculation with one done in some smaller box
with size M ≪ L, placed within the super-large box. (I
am thinking of the size M as being minimal but that
is not essential.) An interesting situation then arises,
which was explored for the quadratic case in [5, 8].6 I
now repeat that analysis in a different way, arriving at
a differential equation instead of a finite-difference one,
and extend it to the cubic truncation. Then I ask how
the calculation may be of practical importance.
A. General situation
I think of the super-large box as having a fixed size
L. For a calculation within the a smaller box of given
6 In [5] the labels L and M are interchanged so that L < M . In [8]
the labels are as here, but in Eq. (24) of [8] it should be log(kM)
instead of log(kL).
7size M and a given location, σ of the previous equations
becomes σM , and Eqs. (3) and (5) become
ζ(x) = N ′MδσM (x) +
1
2
N ′′Mδσ
2
M (x) + · · · , (55)
where
δσM (x) = σ(x)− σM , (56)
and
N ′M =
dN
dσ
∣∣∣∣
σM
, N ′′M =
d2N
dσ2
∣∣∣∣
σM
, (57)
and so on. In terms of the original quantities we have
δσM = (σ − σM ) + δσ(x) (58)
N ′M = N
′ +N ′′ (σM − σ) +
1
2
N ′′′ (σM − σ)
2 + · · · .(59)
For a calculation within the smaller box, correlators are
defined (in position space) as averages over the smaller
box. The spectrum of δσ is not affected, because δσM
differs from δσ only by a constant. If δσ is gaussian,
we can therefore forget about the change in box size as
far as its stochastic properties are concerned. The same
is not true of the correlators of ζ though; they will be
different because ζ(x) is a different function, and because
the average is taken over a smaller region. Let us denote
the spectrum defined within the smaller box by PMζ and
similarly for the bispectrum and higher correlators.
If we fixed the size and location of the smaller box
within the original box, that would be the end of the
story. But if the smaller box surrounds the observable
Universe, it may be reasonable to suppose that we occupy
a typical position within the original box. In that case,
instead of considering PMζ and so on, one might consider
〈PMζ〉 and so on, the quantities obtained by averaging
over the location of the smaller box while keeping its size
M fixed. One might hope that this average will give a
reasonable estimate of the correlators, evaluated within
a smaller box of size M that is fixed at our unknown
location.
Since the correlators calculated within a given box can
be defined as spatial averages within that box, 〈PMζ〉
and so on must be equal to the quantities Pζ and so on,
evaluated directly within the super-large box. However,
if PMζ and so on are calculated from Eq. (55) and the
spatial average within the super-large is then taken, the
separation into tree-level and loop contributions is differ-
ent. The loop contributions will increase with M , and
the tree-level contributions will fall to compensate. As
we noticed earlier, the tree-level contribution will usually
dominate if the size M is minimal, but that need not re-
main the case as M is increased to eventually become
equal to the super-large box size L. In the following sec-
tions we see how the compensation occurs, first for the
quadratic truncation and then for the cubic truncation.
The cosmological situation that we have described is
analogous to one that occurs in quantum field theory.
There, one also calculates correlators (usually time-order,
corresponding to scattering amplitudes) which are the
sum of a tree-level and loop contribution. To do the cal-
culation one has to specify a renormalization scale Q.
The correlators are independent of Q but the separation
into tree-level and loop contributions is not. By choosing
Q to be of the same order as the relevant energy scale (set
say by the momenta in a scattering process) the tree-level
contribution will normally dominate if it is present, oth-
erwise the one-loop contribution will normally dominate
and so on. The cosmological situation that we consider is
similar, with Q replaced by M . The maximal value L of
the super-large box, determined by the amount of slow-
roll inflation long before the observable Universe leaves
the horizon, provides the infrared cutoff of the theory.
Its field theory analogue is the ultra-violet cutoff of the
effective field theory, that dictates the maximum choice
of the renormalization scale Q.
B. Quadratic truncation
Because Eq. (55) is only quadratic, N ′′ is just a number
and the expectation value with respect to the super-large
box is required only for the tree-level terms. We have
〈P treeζ 〉 = 〈N
′2
M 〉Pσ(k) (60)
P loopζ =
N ′′2
(2π)3
∫
M−1
d3pPσ(p)Pσ(|p− k|) (61)
〈Btreeζ 〉 = 2〈N
′2
M 〉N
′′Pσ(k1)Pσ(k2) + cyclic (62)
Bloopζ =
N ′′3
(2π)3
∫
M−1
d3pPσ(p)Pσ(p1)Pσ(p2) (63)
〈T treeζ 〉 = 〈N
′2
M 〉N
′′2Pζ(k1)Pζ(k2)Pζ(k14) + 23perms.(64)
T loopζ =
1
8
N ′′4
(2π)3
∫
M−1
d3pPσ(p)Pσ(p1)Pσ(p2)Pσ(p24)
+ 23perms. (65)
Using Eq. (59) we find
〈N ′2M 〉 = N
′2 +N ′′2〈(σM − σ)
2〉. (66)
Considered as a function of the position of the box with
size M , σM −σ is simply δσ(x) smoothed with a top-hat
window function. Its mean-square is therefore
〈(σM − σ)
2〉 =
∫ M−1
L−1
Pσ(k)
dk
k
. (67)
This expression generates M -dependence
d
d lnM
〈(σM − σ)
2〉 = −Pσ(M
−1). (68)
The M -dependence of the tree-level contribution to the
spectrum is therefore
dP treeMζ
d lnM
= −N ′′2Pσ(M
−1)Pσ(k), (69)
8and similar expressions hold for the other tree-level con-
tributions.
Now we come to the loop contributions. Because phys-
ical momenta have k ≫ L−1, we can set P (p) = P (L−1)
near a singularity of the integral at p = 0. Differentiating
the integral with respect to L, we see that the required
cancellation occurs:
d
d lnM
P treeζ = −
d
d lnM
P loopζ . (70)
Similarly, taking into account all of the singularities, one
can see that the same is true for the bispectrum and
spectrum.
Returning to the analogy with quantum field theory,
Eq. (68) is like the ‘running’ of a coupling constant (or
other parameter) with the renormalization scale Q. This
running makes the correlators of the field theory inde-
pendent of Q.
C. Cubic truncation
I will just consider the spectrum. Evaluating it in the
smaller box and then taking the expectation value with
respect to the original box, Eqs. (49)–(51) become
P˜ treeσ = 〈N˜
′2
M 〉Pσ(k) (71)
P˜ 1−loopζ =
1
2
〈N ′′2M 〉
(2π)3
∫
M−1
d3pPσ(p)Pσ(|p− k|) (72)
P 2−loopζ =
1
6
N ′′′2
(2π)6
∫
M−1
d3q1d
3q2
× P (q1)P (|q2 − q1|)P (|k − q2|). (73)
The renormalized vertex in the smaller box is
N˜ ′M = N
′
M +
1
2
N ′′′〈δσ2〉M (74)
〈δσ2〉M =
∫ kmax
M−1
Pσ(k)
dk
k
. (75)
Using Eq. (59) this gives
〈N˜ ′2M 〉 = N
′2+
(
N ′′2 +N ′N ′′′
)
〈(σM − σ)
2〉+
1
4
N ′′′2〈δσ2〉
2
(76)
Only the middle term is M -dependent, giving the run-
ning
d
d lnM
〈N˜ ′2M 〉 = N
′′2Pσ(M
−1). (77)
The running of the renormalized tree-level contribution
P˜ treeMζ is therefore simply
d
d lnM
P˜ treeMζ = −N
′′Pσ(M
−1)Pσ(k), (78)
the same as in the quadratic case.
The running of the prefactor of the renormalized one-
loop contribution P˜ 1−loopMζ is given by Eq. (59) as
d
d lnM
〈N ′′2M 〉 = −N
′′′2P(M−1). (79)
Taking into account the running of the integral calculated
in the quadratic case this gives
d
dM
P˜ 1−loopζ (k) = −
1
2
1
(2π)3
N ′′′2Pσ(M
−1)P˜ 1−loopσ (k)
+ N ′′Pσ(M
−1)Pσ(k). (80)
Finally, the running of integral in P 2−loopζ gives
d
dM
P 2−loopζ (k) =
3
6
1
(2π)3
N ′′2Pσ(M
−1)P˜ 1−loopσ (k).
(81)
We see that the total running of Pζ vanishes as required.
D. Application
Does the running have a useful application? At first
sight the answer would seem to be ‘yes’, because by go-
ing down to a minimal box the loop contributions become
negligible. Unfortunately, the gain is illusory because we
are not actually calculating correlators within any par-
ticular minimal box. Instead we are calculation the ex-
pectation values of the correlators within a minimal box
(taken within the super-large box). But these are just
the actual correlators calculated within the super-large
box. As a result, the calculation has all of the uncertain-
ties, and possibly fatal problems, that come with the use
of a super-large box.
The problem is that the correlators calculated within
a super-large box may be quite different from the ones
observed in our Universe. If we throw down a minimal
box within the super-large one, the correlators calcu-
lated within the minimal box will depend on its location.
There is no reason to think that a particular correlator,
calculated with the minimal box at our location, will be
very close to the result obtained by averaging the posi-
tion of the minimal box. There is even less reason to
think that such will be the case simultaneously for all
correlators.
To quantify this concern one would like an estimate of
the likely difference between the averaged correlator and
the one observed. Extending the terminology coined for
the cmb multipoles, one may call that cosmic variance.
It will be defined by the correlators evaluated within the
super-large box.
As an example we may consider the simplest curva-
ton model, where the curvaton has a quadratic potential
and H˙/H2 is negligible (see [5] for this case and further
references).7 In that case, σ vanishes in a super-large
7 Taken literally this case is not realistic because it gives spec-
9box and σM is generated entirely by the perturbation
δσM , having the gaussian probability distribution given
by Eq. (24). According to taste, one may fold in this a
priori expectation with environmental considerations.
VII. CONCLUSION
I have explained how the use of a minimal box leads
to fairly clean predictions. In particular I have verified
that it makes some specific loop contributions small, by
virtue of observational constraints on non-gaussianity.
I have also pointed to some of the uncertainties and
possibly fatal problems, that may come with the use of a
super-large box. Some of the issues raised here are quite
deep and more work needs to be done. Provisionally
though, it would seem that the only use of a super-large
box is in its possible provision of a probability distribu-
tion, for the average of a curvaton-type field within a
minimal box.
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tral index bigger than 1. Keeping H˙/H2 negligible, the required
value n = 0.95 could be generated by giving the quadratic po-
tential a bump in the middle. Alternatively one could invoke sig-
nificant H˙/H2 though the probability distribution of σM would
not then be given by Eq. (24).
[1] A. A. Starobinsky, JETP Lett. 42, 152 (1985) [Pisma Zh.
Eksp. Teor. Fiz. 42, 124 (1985)].
[2] M. Sasaki and E. D. Stewart, Prog. Theor. Phys. 95
(1996) 71 [arXiv:astro-ph/9507001].
[3] D. H. Lyth, K. A. Malik and M. Sasaki, JCAP 0505, 004
(2005) [arXiv:astro-ph/0411220].
[4] D. H. Lyth and Y. Rodriguez, Phys. Rev. Lett. 95 (2005)
121302 [arXiv:astro-ph/0504045].
[5] D. H. Lyth, JCAP 0606 (2006) 015
[arXiv:astro-ph/0602285].
[6] D. H. Lyth and D. Seery, arXiv:astro-ph/0607647.
[7] A. D. Linde and V. Mukhanov, Phys. Rev. D
56 (1997) 535 [arXiv:astro-ph/9610219]; D. H. Lyth
and D. Wands, Phys. Lett. B 524, 5 (2002)
[arXiv:hep-ph/0110002]; T. Moroi and T. Takahashi,
Phys. Lett. B 522 (2001) 215 [Erratum-ibid. B 539
(2002) 303] [arXiv:hep-ph/0110096]; D. H. Lyth, C. Un-
garelli and D. Wands, Phys. Rev. D 67 (2003) 023503
[arXiv:astro-ph/0208055]; S. Mollerach, Phys. Rev. D 42,
313 (1990).
[8] L. Boubekeur and D. H. Lyth, Phys. Rev. D 73 (2006)
021301 [arXiv:astro-ph/0504046].
[9] R. W. Wald, Phys. Rev. D 28 (1983) 2118;
A. A. Starobinsky, JETP Lett. 37 (1983) 66.
[10] T. S. Bunch and P. C. W. Davies, Proc. Roy. Soc. Lond.
A 360 (1978) 117.
[11] D. Seery and J. E. Lidsey, JCAP 0509 (2005) 011
[arXiv:astro-ph/0506056].
[12] D. Seery, J. E. Lidsey andM. S. Sloth, JCAP 0701 (2007)
027 [arXiv:astro-ph/0610210].
[13] C. T. Byrnes, M. Sasaki and D. Wands, Phys. Rev. D
74, 123519 (2006) [arXiv:astro-ph/0611075].
[14] J. O. Gong, arXiv:0706.3599 [astro-ph].
[15] A. A. Starobinsky, In “Field Theory, Quantum Gravity
and Strings”, Lecture Notes in Physics (Springer-Verlag)
246 (1986) 107.
[16] A. A. Starobinsky and J. Yokoyama, Phys. Rev. D 50,
6357 (1994) [arXiv:astro-ph/9407016].
[17] D. H. Lyth and E. D. Stewart, Phys. Rev. D 46 (1992)
532.
[18] A. Linde and V. Mukhanov, JCAP 0604, 009 (2006)
[arXiv:astro-ph/0511736].
[19] I. Zaballa, Y. Rodriguez and D. H. Lyth, JCAP 0606,
013 (2006) [arXiv:astro-ph/0603534].
[20] C. T. Byrnes, K. Koyama, M. Sasaki and D. Wands,
arXiv:0705.4096 [hep-th].
[21] T. Okamoto and W. Hu, Phys. Rev. D 66, 063008 (2002)
[arXiv:astro-ph/0206155].
[22] E. Komatsu and D. N. Spergel, Phys. Rev. D 63, 063002
(2001).
[23] J. Maldacena, JHEP 0305, 013 (2003)
[arXiv:astro-ph/0210603].
[24] D. H. Lyth, Phys. Rev. D 45, 3394 (1992).
[25] A. R. Liddle and D. H. Lyth, Phys. Lett. B 291, 391
(1992) [arXiv:astro-ph/9208007].
[26] E. D. Stewart, Phys. Rev. D 65, 103508 (2002)
[arXiv:astro-ph/0110322].
[27] A. Cooray, arXiv:astro-ph/0610257.
